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Abstract. We study Whitehead products in the rational homotopy groups 
of a general component of a function space. For the component of any based 
map / : X — > y , in either the based or free function space, our main results 
express the Whitehead product directly in terms of the Quillen minimal model 
of /. These results follow from a purely algebraic development in the setting of 
chain complexes of derivations of differential graded Lie algebras, which is of 
interest in its own right. We apply the results to study the Whitehead length 
of function space components. 



1. Introduction 

Let f : X ^ Y he a based map of based, simply connected CW complexes with 
X a finite complex. Let map(X, Y; f) denote the path component containing / in 
the space of basepoint-free continuous functions from X to Y, and map^{X, Y; /) 
the component in the space of basepoint-preserving functions. In this paper, we 
study the structure of the Whitehead product on the rational homotopy groups of 
these function spaces. 

The paper is organized as follows. In Section [21 we describe the Quillen model 
of the map 

?; X 1 : S-P+'i-i X X ^ {SP W S'') X X 
where rj is the Whitehead product. Our description is given in the framework of 
chain complexes of generalized derivations of Quillen models, which was introduced 
in [TD] in order to identify the rational homotopy groups of function space compo- 
nents. Section [3] is a purely algebraic development in the setting of chain complexes 
that arise in the category of differential graded (DG) Lie algebras. Using the form 
of the Quillen model of 77 x 1 as a guide, we construct a "Whitehead product" on 
the homology of the mapping cone of a map of DG Lie algebras. We extend our 
construction to the chain complexes of generalized derivations mentioned above. In 
Section m we record a detailed formula useful for applications, and mention briefly 
some extensions, such as iterated products. In Section [5l we return to the topo- 
logical setting and prove our main result: we identify Whitehead products in the 
rational homotopy groups of map(X, Y; /) and map^{X, Y; /) with the "Whitehead 
products" constructed algebraically from the Quillen model of the map. 

We present various applications in Section [51 where we study the rational White- 
head length of function space components. Given a space Z, let WL{Z), the White- 
head length of Z, denote the length of longest, non-zero iterated Whitehead bracket 
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in n>2{Z). (We avoid considerations of the fundamental group throughout this pa- 
per.) Thus WL(Z) = 1 means all Whitehead products vanish and WL(Z) > 2 
means that there exists a non-trivial Whitehead product. Let WLq(Z), the rational 
Whitehead length of Z, denote the length of longest, non-zero iterated Whitehead 
bracket in Tr>2{Z) CS)Q. We first observe that, for the null component of a function 
space, we have WLQ(map(X, F; 0)) = WLQ(y) as a consequence of classical ideas 
(Theorem 16. Using our formula, we then prove that, for any map f : X Y, 
that is, for a general component, we have 

max{WLQ(map,(X, Y; /)), WLQ(map(X, Y; /))} < WLqiY) 

provided y is a coformal space (Theorem 16. 2|) . Focusing on the based function 
space, we also prove that 

WLQ(map,(X,r;/)) <clo(X), 

where c\o{X) denotes the rational cone- length oi X f Theorem I6.4p complementing 
the corresponding (integral) result at the null component due to Ganea [6]. In 
Theorem 16.51 we apply our formulae to give a complete calculation of the rational 
Whitehead length of all components of map{X,S") and of map, (X, 5") for X a 
finite, simply connected CW complex. Finally, we show that the inequality 

WLQ(map(X, Y; /)) > WLQ(map(X, Y; 0)) = WLQ(y) 

may hold. Precisely, in Example 16. 6( we give a space Y with vanishing rational 
Whitehead products and a map f : ^ Y such that WLQ(map(S''^, y; /)) > 2. 

We assume familiarity with rational homotopy theory from Quillen's point of 
view. Our main reference for this material is [5] (see also [TSj [15]). We intro- 
duce notation as we go but recall here that a map f X — > F of simply con- 
nected CW complexes of finite type has a Quillen minimal model which is a map 
Cf. {£x,dx) {CY,dY) of connected DG Lie algebras over Q. The Quillen min- 
imal model of / is a complete invariant of the rationalization of /. In particular, 
there is a natural isomorphism H^{Cx,dx) — 7r,(r2X) (g) Q of graded Lie algebras. 
The map induced by / on rational homotopy Lie algebras corresponds, with these 
identifications for X and Y, to the map induced by £/ on homology. Our main 
results explain how the Whitehead product in the rational homotopy groups of 
map(X, F; /) and map,(X, F; /) depends on Cf. 

Remark 1.1. Rational Whitehead products for function spaces have been studied 
by several authors. In p£j, Vigue-Poirrier gave an elegant formula for Whitehead 
products in the null-components map,(X, Y; 0) and map(X, Y\ 0) (including degree 
1) directly in terms of products in the rational homotopy of Y and the cup product 
in i?*(X, Q) under certain restrictions on X and Y. This result was recently ex- 
tended to full generality by Buijs and Murillo as a special case of their description 
of the rational homotopy Lie algebra of any component of a function space [4]. 
Also, we mention the recent work of Buijs, Felix and Murillo [3j which identifies 
a Lie model for spaces of sections and, in particular, for components of a function 
space. 

Our work differs from these other results in at least two respects. First, we 
describe rational Whitehead products for general function space components by 
means of a construction that proceeds directly from the Quillen model of a map. 
Because we focus on a description specifically at the level of rational homotopy 
groups, rather than a more comprehensive description of the rational homotopy 
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type, we are able to give a fairly direct construction: our description lends itself 
well to the study of specific examples. Second, our construction of topological 
(rational) Whitehead products is developed from a purely algebraic one on the 
mapping cone of certain maps of chain complexes (see Section [3]) ■ This provides 
the basis for new developments either in the algebraic settings, or in topological 
situations other than function spaces that correspond to mapping cones. 

Acknowledgement. We are indebted to Yves Felix for many helpful discussions, 
and to the Univcrsite Catholique de Louvain for hospitality, during the early stages 
of this project. We thank the referee for a very careful reading of the paper. 

2. The Quillen Model of a certain map 

We review the development of ideas in [10 . An element a G 7rp(map(A, Y] /)) is 
represented by a map a: ~> map(A, Y; /) whose adjoint is a map A: S^xX ^ Y 
that restricts to / : A — > F on A. By considering the Quillen minimal model of 
the adjoint A we are led to consider a certain complex of (generalized) derivations 
of Quillen models, which we denoted by Der{Cx , Cy', ^f) in [10]. The homology 
groups of this complex may be identified with the homotopy groups of the based 
mapping space map^(A, F;/), and the homology groups of the mapping cone of 
the (generalized) adjoint map 

ad£^ : Cy DeT{Cx,CY; jOf) 

may be identified with the homotopy groups of map(A, Y; f) (see [ini Th.3.1]). It 
is in this context that we wish to describe the Whitehead product. 

Topologically, a Whitehead product 7 = [a,/3]u, G 7rp+q_i(map(A, F; /)), for 
a G 7rp(map(A, Y: /)) and /3 G 7rg(map(A, Y; /)), is represented by the composition 

gp+q-i —1-^ SP V map(A, Y; f) , 
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where 77 = [ti, i,2]w is the "universal example" of a Whitehead product. The adjoint 
C of 7 is the composition 

rixl (A\B)f 

gP+q-i X X {SP V 5"?) X A Y . 



c 

As in the previous paragraph, we will translate this adjoint into the setting of 
complexes of (generalized) derivations of Quillen models. In order to do so, a 
description of the Quillen model of 77 x 1 is germane. 

We say a graded rational vector space {V,d) with a differential d of degree — 1 
is a DG space or, alternately, a chain complex. By a DG Lie algebra {L, d) we will 
mean a connected, graded Lie algebra L with bilinear product [ , ] satisfying 

(a) \[x,y] \ = \x\ + \y\ 

(b) [x,y] = (-l)l-ll^l+i[y,.T] and 

(c) [x,[y,z]] = [[x,y],z] + i-l)\-\\y\[y,[x,z]] 
and differential satisfying 

d([x,2/]) = Kx),2/] + (-1)1-1 [x,%)]. 
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We write L,{V) for the free graded Lie algebra generated by the graded space V and 
extend this notation, writing L(y, W) for the free Lie algebra generated by V and 
W and h{V, a) for the free Lie algebra generated by a and V where a is an element 
of homogeneous degree. We write h{V;d) for the DG Lie algebra {h{V),d). 

We recall that a DG Lie algebra (L, d) has an associated DG Lie algebra of 
derivations (Der(iy),D). Here Der(L) denotes the graded space of positive-degree 
derivations of L with the usual graded commutator product of derivations, that is, 

[9,(1)] =9o(p-{-l'f^\'i'^(pod 

for 9,(1) e Der(L), and differential D{9) = [d, 0] = de - (-l)l^l6'd. Then the adjoint 
ad: (L, d) (Der(L), D), defined by ad(Z)(Z') = [/, /'], is a map of DG Lie algebras. 
We are interested in a natural generalization of this set-up. Let iJj: {L,di,) — > 
{K, dx) be a given DG Lie algebra map. Define a ^-derivation of degree n to be a 
linear map 6: L^, ^ K^^j^n satisfying 

6{[x,y]) = [e{x),i;iy)] + (-l)"l-l[V(ar),^(y)]. 

We write Dern{L,K;ip) for the space of degree-n ^-derivations. The differential 
defined by 

D^i9) ^dKo9- (-1)1*^16' odi 

makes the pair (Der(L, /sT; ■0), a DG space. The ^/i-adjoint (or "generalized 
adjoint") map 

ad^: {K,dK) — »■ {DeT{L,K;ip),D^), 

given by ad^(a)(a;) = [a, i){x)] for x G L,a G K, is a map of DG spaces. 

Our description of the Quillen model of x 1 requires a construction featuring 
these generalized derivations. Let L = L(F; d) be a free DG Lie algebra. Let 
Pi, . . . ,p„ be given integers > 1 and ai, . . . , a„ elements of degree pi — 1, . . . ,p„ — 1. 
Write y * = s'P' {V) for the pjth suspension of V and let Sai'- V * de- 

note the corresponding degree pi linear map. We define a new DG Lie algebra 
(L(ai, . . . , a„), &) by setting 

(1) L(ai, . . . , a„) = L(y, ai, . . . , a„, y»S . . . , F""). 

Observe that the suspension Sa^ ■ V V""^ extends as a derivation to an element 
G Derp. (L, L(ai, . . . , a„); A) where A: L — » L(ai, . . . , o„) is the inclusion. Using 
this, we define the differential as follows: 

d{v) = d{v),d{a,) = and d {Sa^iv)) = {-l)P^-'[ai,v] + {-1)p^ Sa^{dv) 

for V gV. The definition of d gives the boundary relation 

(2) DxiSa,) - (-ir-iadA(a,) GDer(L,L(ai,...,a„);A). 

Recall that a simply connected CW complex X of finite type admits a Quillen 
minimal model Cx = dx) which is a free minimal DG Lie algebra with V = 
s^'^H^iX;Q) and H^{Cx) = 7r*(f2X) Q. A map f: X between such spaces 
induces a DG Lie algebra map 

Cf. {Cx,dx) {CY,dY). 

The connection to the map 77 x 1 : 5^+'"^ x X ^ (S^ V S"^) x X is provided by the 
following result. 
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Theorem 2.1. 10 , Th.2.1] Let X be a simply connected CW complex of finite 
type. The DG Lie algebra {Cx{ai, . . . ,an),d) defined by ([T]) is the Quillen minimal 
model for the space (V"^jS'P') x X. □ 

By Theorem 12.11 the Quillen model for 77 x 1 is some map of DG Lie algebras 

T: {Cx{c),dc) ^ {Cx{a,b),da.b) 

where \a\ = p—l,\b\ = q—l and |c| — p + q — 2. It is easy to check that r(x) — x for 
X G while r(c) = {—iy^^[a, b]. (This sign is appropriate per the identifications 
of [T71 Ch.X.7.10].) Let us write S[a,b] for the degree p + q — 1 linear map induced 
by F via the rule 

for V G V. Then S[a.b] extends to a A-derivation S[a,b] £ ^CTp+q-i{Cx , Cx{a,b); X) 
satisfying the boundary relation 

(3) Dx {S[aM) = (-l)''"'adA([a, b]) e Derp+,_2(>Cx, >Cx(a, 6); A). 

Working backward, we see the identification of the derivation S[a.b] satisfying ([3]) 
completely determines the Quillen minimal model of F. 

In the next section, we find a formula for S[a.b] ■ In fact, we identify this derivation 
as the "universal example" for Whitehead products constructed in the category of 
DG Lie algebras. (See Remark [3. 31 below.) To explain this further, we introduce the 
mapping cone of a DG vector space map ip- iV,dv) (IV, dw), which we denote 
by (Rel(V'), (5^). This is the DG space with Rel„('(/') = I4-i © Wn and differential 
(5^ defined as S^{v,w) = {—dv{v),^p{v) -\-dw{w)). The construction yields a short 
exact sequence of DG spaces {W,dw) — ^ (Rel(V'), (5^) {V,dv) giving rise to a 
long exact homology sequence whose connecting liomomorphism is H[tp). Applying 
this to the adjoint adA : {L{a, b), d) (Der(i, L{a, 6); A), D\) we see the boundary 
conditions ^ and ^ are equivalent to the elements 

Ca = ((-l)V5a), Cb = {{-m,Sb) and C[aM = {i-ma,b],S[a,b]) 

being three DA-cycles in Rel(adA) of degree p, q and p + q — 1, respectively. In the 
next section, we construct a Whitehead product [, ]„, on _ff»(Rel(adA)) satisfying 

[{(a), {Cb)]y, = (C[a,6]) 

thereby completing the description of F, the Quillen model of 77 x 1, above. 

3. Whitehead products in the category of DG Lie Algebras 

In this section, we describe the construction of Whitehead products on the ho- 
mology of chain complexes of derivations arising from a given DG Lie algebra map 
ip: {L,dL) — > {K,dK)- We will approach our final construction in several steps. 
First we give the definition of a Whitehead product, referring to the classical cor- 
respondence between Whitehead products and Samelson products. Let sL denote 
the suspension of L. Given x,y £ L define a bilinear pairing on sL by the rule 

[sx,sy]^ =dcf (-l)'^'s[x,?/]. 

The pairing [,]w then satisfies the identities 

(i) |[a,/3]„| = |a| + |/?|-l 

(ii) [a,PU = (-l)l"ll^l[/3,a]^ and 

(iii) [a,[(3,jUU = (-l)l"l+MK/3]-,7]» + (-l)^l"l+'^(l''l+'^[A[«,7]»]» 
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for a, (3, J £ sL. These identities correspond, of course, to those satisfied by the 
higher homotopy groups of a space with the Whitehead product |17, Chapter X.7]. 
We denote a biUnear pairing satisfying (i)-(iii) by [,]w and call it a Whitehead 
product. 

As a preliminary, we next observe that a kind of "pre- Whitehead product" may 
be defined on any DG Lie algebra (L, d^). Specifically, define a bilinear pairing on 
L by setting 

(4) {x,y}^d,f{-iy-\+'[x,dL{y)]. 

The pairing { , } clearly satisfies (i). Further, we have the following: 

Proposition 3.1. The bilinear pairing { , } defined on L by ([4]) satisfies the iden- 
tities (a) and (Hi) up to boundaries in {L,dL)- 

Proof. Write ^ for the homologous relation in {L.dL) and let d — dL- Let p — 

\x\^q = \y\ and r = \z\. Use the boundary 

d{[x,y]) = [d{x),y] + {-lY[x,d{y)] 

to obtain 

{x,y} ^{~lY+^[x,d{y)] ^[d{x),y] = W [y, ^ {-If^iy^x] 

For (iii), observe 

{x,{y,z}} ^{-lY+^[x,d{[y,d{z)])\ 
= {-lY+i [x,[d{y).d{z)]] 

= {-lY+'i [[x, %)], + [d{y), [x, d{z)]] 

Then note that 

(-If [[.T, %)], = (-1)^+1 [{x, y], d{z)] = {{x, y], z] . 

Finally, the boundary 

d{[y, [x, d{z)]]) = [d(y), [x, d{z)]] + (-1)'' [y, d ([x, d{z)])] 

implies 

^d{y), [x, d{z)]] ^ (-ir+i [y, d ([x, d{z)])] 

= {-l)(P+^)i<l+^) {y^{x,z}}. □ 

Next we consider the case of a DG Lie algebra map t/; : (L, d^) — > {K, d^) and its 
mapping cone (Rel('0), S^i,). We will construct a Whitehead product on the homology 
of (Rel(V'), S^). Notice that this is a chain complex, not a DG Lie algebra; it is not 
immediately evident that such a product may be defined. Our construction here 
refers to the two previous steps. 

Let (a, a) S Relp(V') and {b, f3) G Relg(V') be given. Recall that this means 
a G Lp_i, 6 G ig-i while a G Kp, /3 G Kg. Define a bilinear pairing [[ , ]] , using the 
ordinary bracket in L but the pairing defined by Q in K, by setting 

(5) |(a, a), (6, /?)]] =dcf ((-l)^[a, 6], {«, /?}) = ((-If [a, b], {-lY+'[a, dKiP)]) • 
We then have the following: 

Proposition 3.2. Let ijj : {L, dL) —> {K, dx) be a DG Lie algebra map with mapping 
cone (Rc\{ip) , 5^,) . The bilinear pairing [[ , ]] on Rel(f/') defined by ([5]) induces a 
Whitehead product [,]w on H^(Re\{'>Jj)). 
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Proof. For suppose that {a, a) and (6,/3) are 5^-cycles. Then dhia) — dhih) ~ 
while (i_ff (a) — —ip{a) and dxiP) — —i'ib)- Observe that 

dK ({a, /?}) = {-ly+'dK ([a, dK(/3)]) = [dK{a), dKm = -V ((-!)''[«, h]) . 

Thus the product [[(a, a), (6,/?)]] is a (5^-cycle, as well 

Next suppose {a, a) ~ 5^ (c, 7) is a (5.0-boundary and (fe, /?) is again a 5^-cycle. 
Then 

[[(a,a),(6,/5)]] = ((-1)P[c, 6], -{7, /?}) 
is a (5^-boundary, as welL To verify this in the second variable observe that 

dK (-{7, /3}) + {-lY^{[c, b]) = {-\Y+^[dK{l),dKm + (-l)P^([c, 6]) 

^ [c, _ ^(c), dK(/3)] + (-lFV'([c, 6]) 

= {a,^}, 

since dK{(i) = —^j{b)- 

The pairing [[, ]] thus induces a bilinear pairing [, on H^(Re\{ip)) satisfying 
the degree condition (i) by construction. The induced product satisfies (ii) and (iii) 
in the second variable by Proposition 13.11 In the first variable, [, corresponds 
to the classical Whitehead product (except with grading reduced one instead of 
increased one). □ 

Our final step is to consider the (generalized) adjoint 

ad^: {K,dK) (Der(L,if;V),D^) 

and its mapping cone (Rel(adi^), (5ad^) ■ We define Whitehead products on the ho- 
mology of the latter two complexes. Notice that, once again, neither of these 
complexes is a DG Lie algebra. 

As at the start of Section [21 the Whitehead product of two elements a G 7rp(X) 
and P G T^qi^) involves the "universal example" of such Whitehead products, 
namely 77 £ 7rp_|_q_i(5P V S''). This is then mapped into 7rp+g_i(X) by {a \ /3), a 
map induced by the given homotopy elements. Here, we take a similar approach. 
Given two elements of i?(Rel(ad^)), of degree p and q we first describe a "universal 
example" of the Whitehead product in i?p+q_i(Rel(adA)) (see ([7]) below). This 
is then mapped to -ffp+q_i(Rel(ad^;)) using the elements whose product we are 
forming (see ^TU\\ below). 

For our universal example, we define a particular product in the mapping cone of 
the generalized adjoint ad^ : L{a,b) — > Der(L, L(a, 6); A) defined above ([1]). So as- 
sume now that (i, di) = L(F; dz,) is a free DG Lie algebra. Let a and b be of degrees 
p— 1 and q~l, respectively. Then recall L{a, b) = L(V, a, b, V"", V^; da.b) and the sus- 
pensions Sa-.V a.iidSb:V ^ extend to elements of (Der(L, L(a, 5); A), Da) 
of degree p and q, respectively, satisfying Dx{Sa) = (— l)^~^adA(a) and Dx{Si,) = 
{~lY~^adx{b). So {{—l)Pa, Sa) and ((— 1)''6, S'^) are cycles in degrees p and q of 
(Rel(adA), (5adA)- Define elements Oa,Ofc of degrees p and q in the DG Lie algebra 
(Der(L(o,6)),L») by setting 

(6) e.,iv)^s^iv) and e,(a) = 9,(5) = ©.(y-^) = e,(y^) = 

for X — a,b and v V. Note that o \ = Sx G Dcr{L, L{a,b): X). From the 
previous step, we set 

{ea,eb} = (-l)f+i [Qa^Diet)] e Derp+,_i(i(a,6)) 
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and observe that {Oa, ©b} o A G Dcrp+q_i(L, L{a, b): A). Now define 

(7) [[ii~ira,Sa)Ai~m,Sb)]] -dcf ((-l)*[a,6],{e,,e,}oA). 

Observe that the right-hand side is a cycle of (Rel(adA), S^dx) of degree p + q ~ 1. 
This is the universal example of a Whitehead product mentioned above. 

Remark 3.3. Taking {L,dL) — {Cx,dx) to be the Quillen model of a simply con- 
nected complex X, we see that 

{Oa, Ob} o A e Derp+,_i(£x, 'Cx(a, b)\ A) 

satisfies the boundary condition Q. Setting S^a.b] — {©ajQb} ° A completes the 
description of the Quillen minimal model of x 1 : 5^+9^1 x X ^ {S^ V S"') x X. 

Finally, we turn to the mapping cone (Rel(ad^), (5ad^) of the generalized adjoint 
corresponding to a DG Lie algebra map "0: (L, dh) {K, dx) with L = L,{V) free. 
Suppose given two (Sad^ -cycles, 

Ca = iXa,Oa) £ Relp(ad^) and Cb = {Xb,db) e Rel,(ad^). 

The pair Ca, Cfa induce a DG Lie algebra map 

(8) (Ca I CfcV: {L{a,b),dL(a,b)) {K,dK) 
defined, on the basis of _L(a, 6), as: 

(Ca I Cbh{^) - (-1)I"I + 'X., (Ca I aV(«) = ^{^) and (Ca | Cb^SM) = ^A^) 

for X = a,b and u G K Note that this map commutes with differentials on generators 
of the form S^iv) since (Ca | CfcV ° and 9^ agree on L as ^-derivations. Define 

(9) {Ca, Cb} =dcf (Ca I CfcV o {©a, Ob} o A £ Derp+g_i(L, K; 
We have the following result concerning the iteration of this pairing. 

Proposition 3.4. Let Ca,Cb,Cc £ Rel(ad^) be S^dx-cycles of degree p,q and r, 
respectively. Then 

{{Ca, Cb}, Cc} = (Ca I Cb I CcV ° {{©a. ©4, e J o A e Derp+,+,_2(i, if; V^). 

-ffere (Ca | Cb I Cchp'- iL{a,b, c), d]^(^a,b,c)) ~* {K^dx) is defined as the obvious exten- 
sion of the definition of (Cq | Cb)ii> given by 

Proof Let Cz = {Ca,Cb} G Relp+^-i (L, if; V)- Let 7, = ((-l)9[a, 5], {Oa, ObjoA) G 
Relp+g_i(L, L(a, 6, c); A) be the (5ad;^-cycle as in ([7]). Define a DG Lie algebra map 

(f)z: L{z,c) L{a,b,c) 

by setting <j)^{v) = v, (f>Jc) = c, (j>z(Sc{v)) = 5'c(w), (?!)2(z) = (-l)''"^[a, 6], and 
?^'z(<S'z(w)) = {6a, ©b} ° A(w). This is readily checked to define a DG map: use the 
fact that "fz is a cycle to check on generators Sz{v). Then we have a commutative 
diagram 

L{z, c) — s- L(a, b, c) . 




(GICc)^\^ ^(CalCblCcV 
K 

The needed identity now follows directly from the observation that 

(l)z o {Qz, e J o A = {{Ga, Ob}, Ge} o A G Derp+,+,_2(i^, L{a, b, c); A). □ 
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We obtain a bilinear pairing [[, ]] on pairs of cycles of Rel(ad^): 

(10) [Ka, Cb]] = [iiXa, Oa), {Xb, 0,)]] =dcf ( (" 1)^ [Xa , Xfc] , {CaXb}) ■ 

Remark 3.5. The diagram of chain maps 

L(a, b) ^^^^ Der(L, L{a, b);X) 

K Der(L, K; iP) 

commutes, inducing a chain map of mapping cones 

C: (Rel(adA),(5ad;,) ^ (Rel(adv,), (5ad^)- 

The map ( carries [[ ((— l)^a, Sa) , ((—1)^6, St) ]] , the universal example of the White- 
head product defined by ([7]), to the cycle [[Ca, Cfe]] defined by (fTOj) . 

Our main result in this section is: 

Theorem 3.6. Let ip: (L, d^) — > {K, cIk) be a DG Lie algebra map with L free and 
with adjoint map ad^ : {K,dK) — > (Der(L, isT; -0), Z),^). The bilinear pairing [[ , ]] 
defined on cycles of (Rel(ad^), (5ad^, ) by (jlO|) induces a Whitehead product [, ]to on 
i7,(Rel(adv,)). 

Proof. The fact that [[, J induces a pairing on cycles of (Rel(ad^), (5ad^) follows 
from Remark 13.51 and the observation immediately following ([7]) . Now we check 
that the Whitehead identities (i)-(iii) are satisfied up to boundaries. First, (i) is 
evident. For (ii), we return to ((7]) and write 

[[ ((-l)Pa, Sa) , ii-irb, Sb) ]] - ((-l)''[a, b], {Sa, Qb} o A) 

= ((-ir {Qb. 64 - D [Ga, e^]) o a) 

= (-ir ii-mb, «], {e,, 94) - (0, {D [Sa, Qb] ) ° A) . 

In this last term, D denotes the differential in Der(i(a, 6)); the identity is ob- 
tained from the first part of the proof of Proposition 13.11 Now observe that, in 
(Der(L,L(a,6);A),DA), we have 

{D [ea,eb])oX^Dx{[ea,eb]oX), 

since each expression agrees on every generator v of L. Consequently, in Rel(adA), 
we have 

<5ad, (0, [Oa, Qb] o A) = (0, (D [Qa, Ob]) o A) . 

Returning to the above, we may write 

[[ {{-lya, Sa) , ii-m, Sb) ]] - (-1)^' [[ ii-m, Sb) , ((-l)^'a, Sa) ]] 

-<5ad, (0, [ea,e;,]oA). 

From the observation of Remark l3.51 it now follows that the pairing of pil)l of cycles 
of Rel(ad^) satisfies the Whitehead identity (ii) up to boundaries, and in particular 
induces a pairing i?* (Rel(ad^)) that satisfies (ii). 
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The proof of (iii) foUows the same hne of argument making use of Proposition l3.4l 
Indeed, using it, we may amplify the diagram of Remark 13.51 into the following 
commutative diagram of chain maps: 



L(z, c) — ^ Der(L, L{z, c); A) 




which in turn induces chain maps of mapping cones of the horizontal maps. Each 
term in (iii) may thus be identified as the image of its counterpart in the induced 
map of mapping cones given by the lower trapezoid of this diagram. Again the 
corresponding identity holds up to a boundary in this lower Rel(ad>), in which 
A: L — > L{a,b,c). As in the preceding case, this passes to the needed identity in 
Rel(ad^) by the chain maps induced by the chain map (Ca | Cb I Cchp ■ L{a, b, c) — > K. 

It remains to show that, if either Ca or is a boundary, then [[Ca,Cfc]] is a 
boundary also so that the pairing passes to homology. Suppose then that Ca = 
'^ad^(Cc) is a boundary in Relp(ad^) so that Cc = (Xcj^c) G Relp-|_i(ad^) satisfies 

diiiXc) = -Xa and D^{dc) = Oa - ad^(xc)- 

We show that [[Ca, Cfc]] bounds also. To do this, we would like to form the product 
[[CcCfc]] G Relp+q(ad.0) but our construction above requires Cc to be a Jad^-cycle. 
To accomodate non-cycles, we modify the construction of L{a, b) as follows. Define 
a DG Lie algebra {L{a, b, c), d) — L(y, a, b, c, V"", V^, V^; d) with |c| = p, and with 
differential given by o?(i;) — c?L(f), d{a) = d{b) = 0, d{c) — —a and 

d{Sa{v)) = {-ir-'[a,v] + i-ir Sa{dL{v)) 

d{Sbiv)) = i-iy-%v] + i-iySbidLiv)) 

d{SM} = {-Ir-^[C,V]+Sa{v) + {-ir+^Sc{dL{v)) 

for V G V. The formula for the boundary of Sc gives the relation 

DxiSc) = i-l)P-\dx{c) + Sae Der(L, L{a, b, c); A) 

where A: i — > L(a, b, c) is the inclusion. Define Of,, Oc in Der(L(a, b, c)) as above: 

0,(z;) = S^v) and Q^y) = 0,(1/^) = 

for X = b,c, y = a,b,c and v e V. The classes Ca, Cfc and Cc induce, as above, a DG 
Lie algebra map 

ip: {L(a,b, c), d) {K^dx) with 
if{x) = (-l)l^l+ix., ¥'(c) = (-l)^Xc, ^{v) = Hv) and ^{Sy{v)) = 6y{v) 

for X = a,b, y — a,b, c and u G V. Writing X: L ^ L(a,b,c) for the inclusion, a 
straightforward computation in (Rcl (ad-^) , (Jadj) shows that 

^ad, ((-i)nc,6],-{e„eb}oA) = ((-i)«[a,5],{ea,eb}oA). 
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That is, the universal example of a Whitehead product, constructed now in the com- 
plex (Rel (ad^) , 6ad-), is a boundary there. As in Remark 13. 5) the map ip induces a 

chain map (/): (Rel (adj;) , (5adj) ^ (Rel(ad0), (Sad^)- As </) (^(-l)9[a, 6], {Oa, 64 o = 
[[Ca I Cfc]] I it follows that the latter is a boundary. □ 

Finally, we obtain a Whitehead product on i?,(Der(I/, if ; ?/;)) when L is free 
as a direct consequence of the above. Suppose 9a S 'DeTp{L, K]ijj) and 9b S 
I)eTq{L,K;ip) are D^-cycles. Set Q = i^,Sa) £ Relp(adv,) and Q = (0,6*6) e 
Relq(ad^). Both are (5ad^ -cycles. Thus we can write 

[[Cal = (0,{C,C}) e ReW,-i(ad^). 

We define 

(11) [[^a,M =dcf {C:,C} eDerp+,_i(L,if;V;). 

We then obtain: 

Corollary 3.7. Let ip: [L^cIl) (K,dK) be a DG Lie algebra map with L free. 
The bilinear pairing [[ , ]] defined on cycles of (Dei (L, K;ip),6ti,) by (jlip induces a 
Whitehead product [, J^^, on ii*(Der(L, if; -0)). □ 

4. Iterated Products of the Universal Example 

In this section, we continue with our algebraic development and record some 
formulas and results that will be useful for our applications. Let (L, d) be a given 
free DG Lie algebra and {L{a,b),da,b) the associated DG Lie algebra for \a\ = 
p — l,\b\ — g — 1. We look in detail at the universal example of a Whitehead 
product 

{ea,Qb}oX e Derp+g_i(L,L(a,5);A). 
Begin in the DG Lie algebra (Der (L(a, b)),D). We are interested in the restriction 
of derivations 6 G Der(L(a, b)) to L C L{a, b), i.e., 6 o A G Der(i7, L{a, b); A) where 
A: L — > L{a, b) is the inclusion. 

Recall from ^ the definitions of 9a, 9b of degree p and q in (Der(L(a, 6)), D). 
From the definitions, we have that 

Dx{Qao\) = {-lY-^'Adx{a) and Dx{Qb o \) = {-If-^adxib). 

Amongst the terms that occur in {9a, 6h}oA(w), we note that da.b°Qb°Qa°^{v) = 0, 
whereas, e.g. 9^ o 9a,b o 6a o A(v) is generally non-zero. Using these facts, we obtain 
that 

{9a, 64 o X{v) = (-l)f+i [9a, D{Qb)] o \{v) 

= {-ly+^'Qa o adxmv) + {~l)P'iD{eb) o 6a o X{v) 

= i-lf+^ea O adxmv) + (-l)P'+«+l66 O da,b O 6a O X{v) 

= i-ir+^Qa o adA(6)(w) + i^lf^+P+'^Qb o adx{a){v) 

+ (_l)(P+l)(9+l)e^o9aOA(dv), 

yielding finally 

{9a, 64 o X{v) = (-l)«(f+i) [6, Saiv)] + i-ma, Sbiv)] 
+ (-l)(f+i)('+i)9bo9aoA(rft;). 
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The formulae of the previous section may be extended to iterated Whitehead 
products. We sketch this here. Suppose given Jad^-cycles ^i, ■ • ■ ,Cn G Rel*(ad^), 
with each C,i — (xa;, Qat) G Relp^ (ad^), with n>2 and each pi > 2. Let ai, . . . , a„ 
be of degrees pi — 1, . . . ,p„ — 1, and define elements Oq. of degree pi in the DG 
Lie algebra (Der(L(ai, . . . , o„)) , D) as at ([6]) above. Thus, we have derivations 
o A e Der(L, L(ai, . . . , a„); A) that satisfy D\{Qai o A) = {~iy'~^a,d\{ai). 
Write 

w(ai , . . . , a„) = [[. . . [[ai , 02] , as] . . . a„_i] , a„] 
for the "left-justified" iterated bracket in L(ai, . . . , a„) and, similarly, 

w{Qa,,. . . , OaJ = {{. . . {{Oai, e,J, 6,3} . . . J , Oa,. } 

for the iterated product of derivations, using the pairing of ^ in Der(L(ai, . . . , a„)). 
Then 

(13) (±w(ai, . . . ,a„),±w(eai, . . • ,6a„) o A) 

is a cycle of (Rel(adA), (^ad^) that is the universal example of iterated Whitehead 
products of this form. 

The Ci induce a DG Lie algebra map as in ([8|) (C/)j/j : L(ai, . . . , a„) — > {K, (Ik)- 
We define the iterated Whitehead product as 

[[[[... [[[[Ci,C2]],C3]]...C«-i]],C«]] 

= (±(C/)'0('«'(ai, • • ■ ,a,n)),±{{C,i)^,)^w{Qai,- ■ ■ , 0a„) ° A) . 

We conclude this section by observing that the Whitehead products we have 
constructed for a DG Lie algebra map are invariant under quasi-isomorphisms in 
the second variable. 

Theorem 4.1. Let ip : (L, cIl) — > {K, dx) be a map between connected DG Lie alge- 
bras with {L,dL) finitely generated and minimal. Suppose 4>: (Kjdx) — * {K',dK') 
is a surjective DG Lie algebra map such that H((j)): H^(K) —>■ H^{K') is an iso- 
morphism. Then composition with (f> induces isomorphisms 

H4DeT{L,K;iP)) = H^(I)eT{L, K';4>oip)) and i/*(Rel(adv,)) = i/*(Rel(ad^oV>))- 

Further, these are isomorphisms of Whitehead algebras with all spaces equipped with 
the Whitehead products constructed in Theorem \3.6\ and Corollary \3. 7[ 

Proof. Write i]/ — cf) o ip] for a cycle Ca — iXa,()a) & Rel(ad^), use Ca to denote 
the corresponding cycle {(f){xa), (/)* o Oa) G Rel(ad^/). Then cj) o {C^a \ Cb}4> = (C I 
'■ L{a, b) K' , and we have a commutative diagram as follows: 



(14) 



ad^ 




adi 



((CalCb)^,) 

Der(L,L(a,5);A) 



•Der(L,/i:;V') 



ad,, 




From this, it is clear that the map (f> induces a commutative diagram of long exact 
homology sequences of the respective adjoints ad^ and ad^', and also that the 
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construction of our Whitehead product is natural with respect to the maps induced 
by composition with 0. 

Thus by the Five-Lemma it suffices to prove composition with (/) induces an 
isomorphism H^,(Dei{L, K;^)) = H^,(Dei{L,K';(j> o ip)). The proof of this fact is 
an adaptation of a standard result for lifting maps with domain a minimal DG Lie 
algebra (see [5^, Prop. 22. 11]). We give the full details to show composition by 4> 
induces a surjection on homology. The proof of injectivity is similar and so we omit 
it. 

Write L — 'h{V;dL) where V = Q{xi, . . . ,Xn) and the homogeneous of 

nondecreasing degree. Let 9' G Derp(L, if'; (/) o ■)/)) be a Z3-cycle where we write 
D = Dtpotp- We define 9 E Derp(L, K; ip) and a derivation 9" E Dcrp+i(L, if'; 0o ?/;) 
so that 

(15) D^{9)=0 and (/> o 9 = 9' + D{9"). 

We define 9 and 9" on our basis for V by induction. 

Observe that, since dL{xi) = 0, dK'{9'{xi)) = ^(^^(^^i) = 0. Since (j): K ^ 
K' induces a homology isomorphism we can choose a d/f-cycle x e X such that 
(j){x) = 9'{xi) + dx'ia) for some a G K' . We set 6{xi) = x and 6"{xi) = a. 

Now suppose 9{xj) and 9"{xj) are defined for j < r, such that holds on the 
Lie subalgebra L(xi, . . . ,Xr-i) of L. Set y = (— l)P0(di,(xr)) £ K. Applying our 
induction hypothesis, we see dK{y) = 0. Furthermore, since D{9') ~ 0, we have 

dK'{9'{Xr))^{-lY9'{dL{Xr)) 

= 4>{y) + {-lY+'D{9"){dL{Xr)) = m + {~lY+HK\9"{dL{Xr))). 

Thus (/)(?/) is a boundary in {K' ^ dx') and so we can choose z E K with dpciz) — y. 
Next note that 9'{xr) + {—l)P9"{dL{xr)) ~ (piz) is a djcz-cycle. Thus, as above, we 
can find a di^-cycle z and a E K' such that 

0(z) = 9'{xr) + i-ir9"idL{xr)) - 0(z) + dK'{a). 

We put 6'(a;r) = z + z and 9"{xr) = ct and is satisfied on L(a;i, . . . , Xr)- □ 

5. Whitehead Product Formulae for Function Space Components 

In this section we return to the topological setting and prove our main result, 
the identification of the Whitehead product in the rational homotopy groups of a 
function space component. Let f : X ^ Y he a map between simply connected CW 
complexes of finite type with X now a finite complex. Let Cf : (Cx, dx) — (-Cy, dy) 
be the Quillcn minimal model for /. We first recall the identifications 

7rp(map(X,y;/)) Q ^ Hp{Re\{adcf)) 

for p > 1 given in [TUl Th.3.1]. 

The adjoint of a representative a: ^ map{X, Y; f) of a homotopy class a E 
7rp(map(X, y; /)) is a map A: x X ^ Y. By Theorem 12. 11 the Quillcn minimal 
model for ^4 is a map 

Ca- {£x{a),da) {CY^dy). 
Define 9a E T)evp{Cx, C-y\ Cf) by setting 9a{v) = CA[Sa{v)) for v G y and extend- 
ing as an ^/-derivation. Then Xa = {~^Y Ca{o) is a cycle of degree p — 1 in Cy, 
and Ca = {Xa,9a) e Re\p{&dcj) is a i^ad^^-cycle. Set 

(16) $'(a) = (Ca)ei?p(Rel(ad£,)). 
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The map $' is then a homomorphism whose rationalization $ : 7rp(map(X, Y; f))® 
Q Hp(Re\{a.dcf)) is an isomorphism for p>2. 

Given two homotopy classes a £ 7Tp{map{X,Y; f)) and f3 € Trq{ma.p{X,Y; f)), 
their Whitehead product 7 = [q;,/?]^) has adjoint C given by 

nxl (A\B)f 

SP+ci-i X X {SP V S"?) X X Y 



c 

where tj is the universal example of the Whitehead product. Let Ca = (xa,^a) G 
Relp(ad£^) and Cb = {Xb,Ob) e Relg(ad£^) satisfy (Ca) = and (Ct) = ^'{P)- 

Lemma 5.1. The map 

iCa I (b)Cf ■■ {Cxia,b),da,b) i^Y^dy) 

defined by (0) is the Quillen minimal model for 

{A I B)f : {SP VS'^)xX ->Y. 

Proof. Denote by JC the composite of the Sullivan and the Quillen functors. That 
is, we write JCj{Z) to denote the DG Lie algebra obtained by applying the Quillen 
functor to the coalgebra dual of A*{Z), which is the Sullivan functor applied to Z. 
(See Sec. 22(e)] or [HI 1.1(7)].) For a space Z, denote by r/z- Cz ^ ^{Z) the 
Quillen minimal model of Z. To establish the Lemma, we want the diagram 



Cx{a,b) 

KSPvsi)xx 

£((5PVS'«) xX) 



(ColCbkf 



x(y). 



to be homotopy commutative, in the DG he algebra sense. Following |15i 115.(20)], 
this means we seek a DG Lie algebra map H : Cx{a, b) — > {t, dt) ® -CfS^) such that 
PooH = r]Y o {(a I Cb)cf and pi oH = C{{A \ B)f) o 77(5pvs<')xx- Now we have a 
pushout of DG Lie algebras 



jCx Cxia) 

Ab AU' 

jC-xib) _> Cxia.b), 



where the maps Xa, Xb, ^a, ^b are the appropriate inclusions. Notice that our de- 
sired minimal model (^^ | Cb)cf is exactly the pushout of the minimal models 
Ca ■ Cx (a) Cy and £ b ■ £x [b) Cy ■ We will obtain our homotopy W by 
pushing out homotopies from Cxio) and Cx{b). To this end, suppose that we 
have our chosen minimal model Cf. Cx — > 'Cy, and a DG Lie algebra homotopy 
Tif : Cx {t, dt) Ci)L{Y) that satisfies pooTif = rjy oCf and pioHf — !^{f)oT]x- 
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As in the proof of [10, Prop. A. 3], we may assume that the foUowing cube is 
(strictly) commutative: 



Cx{a) 



Cx{a, b) 



C 



X 









VSPxX 



Vx 



L{SP X X 




L{X) 



Next, in the diagram 



Cx- 

vx 

L{X) 




»?(SPVS9)XX 



L{{SP V 59) X X) 



-^Cx(a) 

nsPxx 
^L{SP X X) 



the left-hand square commutes and furthermore, the right-hand square commutes 
up to homotopy, but we may assume that the homotopy Tia '■ Cxia) — > (t, dt)'SiCj{Y) 
extends the homotopy Hf, that is, that we have Ha ° ~Hf. This last assertion 
is easily justified by adapting the usual lifting lemma: rather than lift £/(yl) oT^gp xx 
through the quasi-isomorphism rjy starting with the elements of lowest degree in 
Cx (a) , we may start with the lift already defined on Cx as Cf, with rjY ° Ca = 
TjyoCf and Cj{A)o'r]spxx = ^{f)°Vx homotopic by when resticted to £x • (See 
[71 Prop. 10.4] for the corresponding result in the DG algebra setting.) We argue 
similarly with b and B replacing a and A respectively. This gives us the pushout 




Cxib) 



(t, dt) ® L{Y) 

which defines H. We check that H has the desired properties. 

We next give an official statement of our work in Section [2l Define 
F: {Cx{c),d,) ^ {Cx{a,b),da.b) 
by setting r(x) = x for x e Cx,T{c) = {-l)P-'^[a,b] and 

riSc{v))^{Qa,Qb}oX{v) 



□ 
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where Qa,Ob G Dei{£x{a,b)) are as defined in ([6]) and A: £x Cx{a,b) is the 
inclusion. 

Lemma 5.2. The map 

T: {Cxic),dc) ^ {Cx{a.b),da,b)) 

is the Quillen model for 

?7 X 1 : ^P+'-i xX ~^{SP\/ S") X X. 
Proof. We have a commutative diagram 

{Cx{c),dc) {Cx{a, b), da.b) 

L(c; 0) © {Cx,dx) L(a, b; 0) ® rfjf ) 

where the vertical maps are the projections and 0(c) — (— l)^^^[a, b] and 0(x) = X 
for X G 'Cx- Since 4> is evidently a (non- minimal) Quillen model for 77 x 1, the result 
follows from uniqueness of the Quillen model of a map. □ 

Combining these facts we obtain our identification. 

Theorem 5.3. Let f : X ~> Y be a map between simply connected CW complexes 
of finite type with X finite. The map 

$': ^p(map(X,r;/)) ^ i/p (Rel(ad£^ )) 

defined for p > 1 by il6]) preserves Whitehead products where the latter space has 
the Whitehead product given by Theorem \3.6\ Thus <!>' induces an isomorphism 

^,(map(X,r;/))®Q, [,]^ ^ H,{Rc\{&dc^)), [,]^ 

of rational Whitehead algebras in degrees > 1. 

Proof. With notation as above and Lemmas 15.11 and 15.21 

(Ca I Cb)CfOT: iCxic),d,) ^ iCY^dy) 

is the Quillen minimal model for the adjoint C of 7 = [a, (3] S 7rp+g_i(map(X, Y; /)). 
Thus <i>'(7) is represented by the Jadcj, -cycle = (Xc^c) & Relp+q^i(ad£^) with 

Xc = i-ir+'-'iCa I a)£, °r(c) = (-l)''[xa,X.] £ {Cy)^^,^, while 

Ociv) = (Ca I Cb)CfOr{S,{v)) = (Ca I Cb)Cf {ea,&b}oXiv) G BeVp+g_,{Cx , Cy C f) . 

Thus 

<i>'(7) = ([[Ca,G]]) = [(Ca),(G)]„ 

by Theorem 13.61 and the definition of the pairing [[, ]] at (|10p . □ 

We now apply the same line of reasoning to the case of the based function space. 
We first recall the homomorphism, 

(17) ^-'i 7:p{map,{X,Y;f))^7rp{BeT{Cx,CY;Cf)) 

from [10[ Th.3.1] inducing an isomorphism after rationalization for p > 1. Given 
a G 7rp(map,(X, F; /)) we have 'i''{a) ~ {9a) where 9a £ Derp(£x, -Cy; £/) is the 
D£j,-cycle given by 9a — Ca o Sa where Ca ■ (Cxia), da) (Cy, dy) is the Quillen 
minimal model for the adjoint A: x X ^ Y a. We prove 
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Theorem 5.4. Let f : X ^ Y be a map between simply connected CW complexes 
of finite type with X finite. The map 

: 7rp(map,(X, Y; /)) ^ Hp(Devi£.x, ^y; Cj)) 

defined for p > 1 by |J7p preserves Whitehead products where the latter space has 
the Whitehead product given by Corollary \3.'1\ Thus 5*' induces an isomorphism 

^*(map,(X,r;/))®Q, [ , ^ i/,(Der(£x, ^y; £/)), [,]^ 
of rational Whitehead algebras in degrees > 1. 

Proof. Given a,(3 G 7r*(map^(X, Y; /)) of degrees p and q with Whitehead product 
7 — [a,f3] e 7rp-|.q_i(map^(X, F; /)), the class ^''(7) is represented by 

by Lemmas 15.11 and 15.21 and definition of the biUnear pairing [[ , ]] in pT|) . The 
result now follows from Corollary 13. 71 □ 

Remark 5.5. For ai, . . . , q;„ G 7r^(map(X, Y; /)), let 

w{ai, . . .,an) = [[■■. [[ai,a2]«,,a3]^„ , • ■ . , a„_i]^ , q;„] ^ 

for their "left-justified" iterated Whitehead product. The argument above may 
easily be extended, using the algebraic universal Whitehead product indicated in 
(fin)), and the topological universal example for such Whitehead products, namely 

Using Proposition 13.41 and the above arguments, we may show that the alge- 
braic iterated Whitehead product indicated in (fT4|) in Section |4] corresponds with 
w{ai, . . . , an) under the map We have no immediate need for this, and so we 
omit details. 

6. Whitehead Length of Function Space Components 

We apply our formulae to study the Whitehead length of function space compo- 
nents. To begin, we make some remarks concerning the sensitivity of the invariants 

WL(map(X,y;/)) and WL(map, (X, F; /)) 

to the (homotopy class of the) map f : X ^ Y. For example, in the case X = Y and 
f — I, the space map(X, X; 1) is a topological monoid, and so WL(map(X, X; 1)) = 
1. When Y is an ff-space, so too is map{X,Y), and hence WL(map(X, F; /) = 1 
for any component. Dually, if X is a co-ff-space, then map^(X, Y) is an if-space, 
and hence WL(map^(X, Y; /)) = 1 for any component of the based mapping space. 
On the other hand, we have the following fact concerning the null-component which 
shows that we may easily have an abundance of non-zero Whitehead products in 
the free function space. Recall that we are only considering 7r>2 (map(X, F; /)) 
here. 

Theorem 6.1. Let Y be any space. Then 

max{WL(F),WL(map,(X,F;0))} < WL(map(X, F; 0)). 
// the universal cover of Y has finite rational type then 

WLQ(map(X, F; 0)) = WLq(F). 
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Proof. The first inequality follows from the evaluation fibration inap^(X, y;0) — > 
map(X, y;0) Y. On the one hand, the obvious section s: Y map{X,Y;Q) 
implies that y is a retract of map(X, Y; 0). On the other hand, s implies that the 
fibre inclusion map^{X,Y]0) — > map{X,Y;0) induces an injection on homotopy 
groups. 

For the rational result, we start with a nice observation of Brown-Szczarba [2]: 
writing f^o^ for the connected component of the constant loop in flY, we have 
r2o(map(X,y;0)) w map(X, QoY^O). Next, by [8, Th.4.10] 

Hnil(map(X,r2oi^;0)) = UmlifloY) 

where Hnil(G) of a loop-space G denotes the homotopical nilpotency of G in the 
sense of Berstein-Ganea T. Taking Y = Yq the result follows from the identity 
HniKriolQ) = WLQ(y) [ii Th.3]. □ 

Recall that a simply connected space Y is coformal if there is a DG Lie algebra 
map p: {Cy, dy) {■k^{VIY) (8)Q, 0) inducing an isomorphism on homology (see [3 
p.334 Ex.7]). 

Theorem 6.2. Let X he a finite simply connected CW complex and Y a simply 
connected coformal complex of finite type. Then for all f : X —t Y we have 

max{WLQ(map,(X,r;/)),WLQ(map(X,r;/))} < WLQ(r). 

Proof By Theorem^ we may replace {£Y,dY) by {H{£y), 0) = {n4nY)i»Q, 0) 
when we apply Theorem 15.31 We say that a cycle ( = {x,^) G Rel*(ad£^) is of 
length > r in H{Cy) if X € H{Cy) is of bracket length > r and, when applied to a 
generator v G IL(V^) = Cx, 0{v) is also of bracket length > r in H{Cy). The result 
is proved by arguing that iterated Whitehead products in i/*(Rel(ad£j)) of length 
r are represented by cycles of length > r in H{Cy). 

To see this, consider two cycles Ca and Cb, and suppose that Ca is of length > r 
in H{Cy). According to (fT^ . {6a, Ob} o X[v) is contained in the ideal of Cx[a, b) 
generated by a and Sa{v): and also is of length > 2. Therefore, when the map 
(Ca I Cb)cf is applied to it, we obtain an element of bracket length > (r + 1) in 
H{Cy). Likewise for the bracket [a,b]. It follows that a cocycle representative of 
[[Ca,Cfc]] is of length > (r + 1) in H{Cy). An easy induction using this completes 
the proof. □ 

We say a simply connected CW complex X is a rational co-H-space if Xq is 
homotopy equivalent to a wedge of spheres. We remarked above that, if X is a co- 
-ff-space, then Whitehead products vanish in any component of the based mapping 
space. The following result provides a large class of examples of free function spaces 
with vanishing rational Whitehead products. 

Theorem 6.3. Let X be a finite rational co-H-space and Y a simply connected, co- 
formal complex of finite type. Suppose f induces a surjection on rational homotopy 
groups. Then WhiQ{map{X,Y; /)) — 1. 

Proof. Since X is a rational co-_ff-space, the differential dx in the Quillen minimal 
model for X vanishes. Since Y is coformal, we may replace {Cy, dy) by (H(Cy), 0), 
and view as a map Cx —>■ H{Cy), when we apply Theorem 15.31 Suppose given 
a pair Ca = {Xa,Oa) e Relp(ad£j and Cb = (Xfc.^fc) ^ Rel,(ad£^) of ^ad^ -cycles; 
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with Xa,X6 e H{jCy) and 6 a, 6b G Dct^,{Cx , H{Cy)', jOf). Using the fact that 

(Ca I Cb)cf:Cx{a,b)^H{CY) 

is a DG Lie algebra map, we see that [xa, = ±(Ca | Cb)£/ {da,bSa{v)) — 0, for 

any v G £x- By assumption, Cf is surjective and it follows that the bracket of Xa 
with any element of H{Cy) is zero. A similar argument yields the same conclusion 
for Xb- Finally, we obtain from ([12]) that {Oq, Qb} ° A(w) = ±[b, Sa{v)] ± [a, Sb{v)]. 
It follows that in /f* (Rel(ad£j.)) , we have 

[[Ca,a]] =(±[Xa,Xb],±[Xa,^fc(«)]±[X&,^a(«)]) =(0,0). 

The result follows from Theorem 15.31 □ 

In [B], Ganea proved WL(map^(X, F; 0)) < cat(X). We give a rational version 
of this inequality which applies to all components. Recall the rational cone length 
c\i^{X) of a space X is the least integer n such that X has the rational homotopy 
type of an n-cone (see [H p.359]). Spaces of rational cone length 1 then correspond 
to rational co-i7-spaces. 

Theorem 6.4. Let X be a finite CW complex and Y a simply connected complex 
of finite type. Then WLQ(map^(X, /)) < clo{X) for all maps f: X —i- Y. 

Proof. Let n = c\o{X). By Th.29.1], the underlying vector space V of the 
Quillen minimal model of X admits a filtration {0} C V{1) C V{2) C • ■ • C V{n) = 
V where dx{V{i)) C h{V(i — 1)). The result is proved by arguing that iterated 
Whitehead products in H^,{DeT{Cx, -Cy; Cf)) of length r are represented by cycles 
that vanish on V{r~l). We argue in a similar fashion to the proof of Theorem 16. 21 
Consider two cycles 9 a, 6b G ^ci{£x , Cy', Cf). Recall that their Whitehead 
product is represented by the image of the universal example 

{Ga, o A e DeT{Cx,Cx{a, b); X) 

under the map 

((C: I Cb)cj), ■■ BeriCx,Cx{a,b);X)-.BeviCx,CY;Cf). 

Here Ca = (0,0a) and Q = {0,6b) in Rel(ad£j:). In particular, ((* | Q)cf niaps a 
and b to zero. 

From we see that {6a, Bb} o \(v) = ±9b o Qa{dx{v)) modulo terms in 

the ideal generated by a and b. Now assume that Qa vanishes on V(r). Since 
dx{V{r + 1)) C L(T^(r)), we have that {6a, 6^} o A vanishes on V{r + 1). An easy 
induction using this completes the proof. □ 

We next give a complete calculation of the rational Whitehead length of function 
spaces in a special case. Let X be a simply connected, finite complex and S"" a 
sphere with n > 2. When n is odd, 5" is a rational iJ-space and hence so too is 
map(X, 5"). It follows that, after rationalization, each component of map(Ar, 5") is 
homotopy equivalent to the null component, which itself is an _ff-space; in particular 
we have WLQ(map(X, 5"; /)) = 1. Identical remarks apply to the based function 
space. 

When n is even, the rational homotopy types of components map(X, 5"; /) are 
more complicated. A complete description for X rationally (2n + l)-co-connected 
is given by M0ller-Raussen [12l Th.l]. We compute the rational Whitehead length 
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of all components in both the based and free setting without dimension restriction 
on X. 

Since S*" is a coformal space, WLQ(map,(X, 5*"; /)) and WLQ(map(X, 5*"; /)) 
are each equal to either 1 or 2 — but not a priori equal to each other — by The- 
orem [6^ Suppose first that H{f;Q) = 0: H*{S";Q) H*{X;Q). Then the 
rationalization of / factors through the fibre K{Q,2n — 1) of the Postnikov de- 
composition K{Q,2n — 1) — > (5'")q K{Q,n). This implies / is a rationally 
cyclic map (see [TTl Def.2.4 and Ex. 4. 4]). By [9, Th.3.7], the evaluation fibration 
to: map(X, S*"; /) — > S" is then rationally fibrc-homotopically trivial and, from the 
long exact homotopy sequence, we have an isomorphism of Whitehead algebras: 

^,(map(X, 5"; [ , ^ (7r,(map,(X, 5"; /)) Q, [ , ]^)©(7r,(5") Q, [ , ]„) . 

Since WLq(S'") = 2, we have WLQ(map(X, S*"; /)) = 2 and WLQ(map,(X, S*"; /)) 
is equal to either 1 or 2 in this case. 

Suppose H{f;Q) ^ 0. Write (/:s",rfs-) = L(u; 0) with |u| = n - 1 and Cx = 
h{V]dx)- The condition H{f;Q) ^ translated to Quillen models implies there 
exists V £ Vn-i with = u. This impfies there are no cycles (u, 9) E Rel„(ad£j,) 

because ad£^(w) -I- Dcf{0) cannot equal zero: note that 9{dx{v)) = for degree 
reasons, and then applied to v we obtain that 

tiAc,{u){v) + Dcf{e){v) = [u,C}{v)]+ds^e{v)±e{dx{v)) = [u,u] ^Qe {Cs^)2n-2- 

By the formula for the Whitehead product in _ff»(Rel(ad£^)) (Theorem 1321), we see 
directly that the cycle ([m, u],0) G Rel2„_i(ad£j,) does not represent a Whitehead 
product. Translating back, this means 

7r,(map(X, 5"; /)) ® Q, [ , ]™ ^ (^,(map,(X, 5"; /)) ® Q, [ , ]^) © (Q([t, 0) 

where t G 7r„(5") is nontrivial and (Q([t, 0) denotes the abelian Whitehead 
algebra generated in degree 2n — 1. Thus in this case 

WLQ(map(X, 5"; /)) = WLQ(map,(X, 5"; /)) - 1 or 2. 

In both cases, the relevant question is the rational Whitehead length of the based 
function space. We address this question as an application of our formula: 

Theorem 6.5. Let X be a finite, simply connected CW complex and f : X ^ S^^ a 
based map with n even. Then WLQ(map^(X, S"; /)) — 2 if and only if there exists 
a pair x,y E H-'"'^^{X\ Q) satisfying: 

(i) xy ^ 0, 

(n) xz ^ Q or yz ^ Q for z e iJ"(X; Q) => H{f; Q){z) = and 
(iii) xy — wz for some z G H^{X] Q) and any w => -ff (/; Q){z) — 

Otherwise, WLQ(map,(X, 5"; /)) = 1. 

As for the free function space, if H{f;Q) — then WLQ(map(X, S*"; /)) = 2. 
Otherwise, WLQ(map(X, 5"; /)) — WLQ(map^(X, 5"; /)), as given above. 

Proof. The results for the free function space follow from the discussion preceding 
the statement of the theorem. Thus we focus on the based function space and so 
the space i/*(Dcr(£x, -Cs^; £/)) with Whitehead product given by CoroUarv 13.71 
Write Cx = ^{V; dx) and £5-1 ~ L(u; 0). Given a homogeneous basis {wi, . . . , Us} 
for V = H* {X ; Q) , we will assume the vectors are in nondecreasing order of 
degree. If H{f; Q) 0, we will further assume that there is some basis vector 
Vk G Vn-i such that Cf{vk) = CkU while Cf{vi) = for any other basis element Vi 
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of degree n — 1. Here Cfc ^ 0. For convenience, we allow the case Cfc = so that 
Hif; Q) = if and only if Cfe = 0. 

We recall the quadratic part of the differential dx is dual to the cup product 
in H*{X; Q) (see [15, Sec.I.l.(lO)] and [51 Sec.22e]). Let {xi, . . . , x J be the corre- 
sponding additive basis of H*{X; Q), that is, Xi = s{vi). Given any t; e we may 
write 

(18) dx{v) — ''^Cij{v)[vi,Vj] + longer length terms 

i<j 

with Cij{v) G Q and Cii[v) = for Vi of even degree. As a direct consequence of 
this duality we have that the cup product XiXj = if and only if Cijiv) = for all 
V &V. We make use of this repeatedly below. 

Let 9 e T)eip{CxT Cs^] Cf). Using we have 

Dc,{e){v) = ±e{dxv) - ±Y,c^k{vmv,),Cjivk)] ^±Y,CkC,k{vmvi)M- 

i<k i<k 

It follows that 6* is a cycle if 9{vi) = for all Vi in Vn-i-p- If 9{vi) ^ for 
some Vi £ Vn-i-p we may alter our basis in this degree so that 9{vj) = SijU for 
Vj € Vn-i-p where Sij is the Kronecker delta function. Then we see is a cycle 
if and only if CkCik{v) — for all v & V. Translating, we have shown a derivation 
9 G Dcvp{Cx, ^S"'i ^f) not vanishing on Vn-i-p is a cycle if and only if there exists 
X G H^"-^{X; Q) such that xz implies H{f; Q){z) = for aU z G H''{X; Q). 

Next let 9a, 9b G T)eT{Cx,^S"',^f) be cycles of degree p and q, respectively. As 
in the discussion preceding Corollarv l3.7i let Q = {0,9x) G Rel(ad£^.), x = a,b, be 
the corresponding cycles so that, by (fTT|) . the derivation cycle 

pa, Ot]] - iCa I Q)cf o {Qa, 6;,} o A G BeTp+g^i{Cx , Cg^ ; Cf) 

represents [{9a), {9b)]w Using HI]) again, US]) and the fact that ((* | Cb)cf{x) = 
for X = a,b, we obtain 

[[9a,9b]] (v) = ±(c I Ck, ° e, o o \{dxv) 

= ^±cy(«) {[9aiv,),9b{v,)] ± [9b{v,),9aiv,)])±J2^cui^)Mv,),9biv,)]. 

i<j i 

From this we conclude that [[^q, 9bl nonvanishing for derivation cycles 9a, 9b implies 
Qaivi) ^ for some Vi G Vn-i-p and 9b{vj) ^ for some Vj G Vn-i-q and for this 
i,j we have Cij{v) ^ for some v G V. By the above computation, the fact that 
9a and 9b are cycles implies CkCik{w) — CkCjk{w) = for all w E V. Conversely, 
suppose there exist indices i,j such that Cij(v) ^ and CkCik{w) = CkCjk{w) = for 
all w € V. Then define 9a, 9b by setting 9a{vi) = Shu and 9b{vi) = SijU and extend 
by the /^/-derivation law. By the preceding paragraph, the 9a and 9b are derivation 
cycles. Computing as above [[0^, (^^) — icij[u,u] is non- vanishing. Combining 
and translating to cohomology, we have shown that there exists a nontrivial pairing 
l0a,9bl G DcTp+q^i{Cx,Cs^;jCf) for cycles 9a G DeTp{Cx , Cs'-; Cf) and 9b G 
r)eTq{Cx , Cs^; jCf) if and only if there exists a pair x,y G H-'^^^{X;Q) satisfying 
(i) and (ii). 

Finally, suppose 9a, 9b G Der(£x, -Cs^; -C/) are cycles of degree p and q with 
pa, 9b^ ^ 0. As above, let Vi G T4i-i-p and Vj G Vn~i-q be basis elements so that 
9a(vi) ^ and 9b{vj) 7^ 0. If p ^ q we arrange our basis in degree n — 1 — p and 
n-l-q so that 9aivi) = Suu and 9b{v,n) = SjmU for vi G Vn-i-p and i;™ G Vn-i-q- 
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li p — q, we must allow for the case Vi = Vj. In this case, we may arrange the basis 
in degree n- 1 -p so that 6'a(w/) = CaSuu and 6b{vm) = ctSjmU for vi,Vm e K-i-p- 
Here Ca, Cf, ^ and can be taken to be 1 when i ^ j. We use this identification in 
all cases by taking Ca = 1 and = 1 except, perhaps, when i = j. 

Let X = s{v,) G i/"-P(X;Q) and y ^ s{vj) e i/"-«(X;Q) be the corre- 
sponding cohomology elements. Then the pair x,y satisfy (i) and (ii). We show 
[[^0,^*6]] € Derp4.q_i(£jf , 'Cs"; -C/) bounds if and only if the pair x,y violates (iii). 
Since [[0a,^fc]] is nonvanishing, the preceding discussion shows there is a vector 

V e V2n-l-p-q with 

[[^'a,6'fc]](w) = ±CaCbCij{v)[u,u] ^ 0. 

Suppose [[0(1, ^b]] = Dcf{d) for some 9 G Derp+g(£x, -Cgn; £/). Applying this to 

V eV using (fTS]) we obtain 

±CaCbCi-i{v)[u,u] = pa,dbl{v) = Dcf{9){v) ±e{dxv) = ±^CfeCrfc(w)[6'(Wr),u]- 

r</c 

We conclude that if [[ 6*0, 6*6]] is a nonvanishing boundary then there is v £V with 
Cij{v) 7^ and CkCrkiv) ^ for some r which directly translates to imply the 
pair x,y violates (iii) with w = s{vr) and z = s(vk). Conversely, if x,y violate 
(iii) then ^ and there exists some v e V2n-i-p-g such that Cij(v) ^ and 
Crk{v) 7^ for some index r. Notice that Vr G Vn-i-p-q- Define a derivation 
9 € Derp_(.q(£x,'Cs'>;/^/) by setting 9{vi) = 5irU and extending. We then see 
Dcf{6){v) = ±CkCrkiv)[u,u] ^ while [[6*0, 6*6]] (v) = ±CaCbCij{v)[u,u] 7^ 0. To com- 
plete the proof, we show the derivations Dcf{9) and [[6'a,6'fc]] differ by a constant. 
Note that both derivations increase bracket length. This implies they both van- 
ish on V except in degree 2n — I — p — q. In this degree, they are linear maps 
V2n-i-p-q Qi[u,u\). We havc shown both are nonzero on a particular vector 

V S V2n-i-p-q- Since the target is one-dimensional, there is a constant c 7^ such 
that [[9a,9bl = cDcj{9) = Dci{c9), as needed. □ 

We conclude with an example realizing the inequality 

WLQ(map(X, Y- /)) > WLQ(map(X, F; 0)) = WLQ(y) 
for some map f : X ^ Y. 

Example 6.6. Let X — S^, and let y be a space with Sullivan minimal model 
A{xi,X2,X3,y;d), the free DG algebra with generators of degrees |a;i| = 2,1x21 = 
jxsl = 3, and \y\ — 7. Define the (degree -fl) differential here by setting d{xi) — 
and d{y^) — X1X2X3. Then Y has vanishing Whitehead products since d has no 
quadratic term 5, Prop. 13. 16]. Consequently, WLQ(map(X, F; 0)) = 1 by Theo- 
rem l6.1l The Quillcn minimal model (£y , c?y) for Y is of the form L(V(^; dy) where 
W = s^^H^,{Y, Q). We use that the quadratic part of the differential dy is dual to 
the cup-product in H*{Y, Q) (see [5j Sec. 22(e)]). In low degrees, we see W contains 
elements wi, W2, W3, wi^i, wi,2, wi,3, ^2,3 with |wi| = l,|w2| = \w3\ = 2, = 
3, 1^1^21 = I'M^i.sl — 4 and |w2,3| — 5. Here Wi corresponds to Xi and Wij to the 
cup-product Xi ■ Xj . We may write the differential as 

dyiwi) ^ dY{w2) = dyiws) ^ with dy(wi,i) = ^[wi, Wi], 

rfy(wi,2) = [wi,W2], ofy(wi,3) = [wi, W3] and rfy (w2,3) = [^2, W3] 
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on these generators. Write the QuiUen minimal model for S'^ as L(?;; 0) with v 
in degree 2 and let f : S'^ ^ Y correspond, after rationalization, to the class 
W3 e H2{Cy). That is, Cf{v) = wg. We show that WLQ(map(S'3, F; /)) > 2. 
Observe that an element Ca — {Xa,Sa) £ Relp(ad£^) is a Jadr^-cycle if (iy(xa) = 
and dviOaiv)) = -[Xa,W3]. Thus (a = (wij^a) and Cb = {w2,0b) are (5adc^ -cycles 
of degree 2 and 3 respectively where 9a{v) = —wi^3 and 9i,{v) — ~W23- Write 
a S 7r2(map(X, F; /)) and /3 G 7r3(map(X, Y; /)) ® Q for the corresponding ho- 
motopy elements as in Section [S] Applying Theorem l5.31 their Whitehead product 
[a, (3]w G 7r4(map(X, Y] /)) Q corresponds to the class represented by the S^dc^r 
cycle [[Ca,C&]] = ([wi,W2],{Ca,Cb}) 6 Rel4(ad£^); where, by using formula we 
have that {Ca,Cti}(^) = ~[fi'2,wi_3] — [wi,W2,3]- This cannot be a boundary. For if 
Si^dcfiViO) = i[wi,W2],{CaXb}), then we have 77 = -wi,2 + X for some x a cycle 
in Cy of degree 4. Since Y has no rational homotopy of degree 5 (direct from the 
Sullivan model), we see that x = foi' some f G £y. Further, we then obtain 

that 

^dcf{-wi^2 + dY{0){v) + Dc,{e){v) - {(:aXt}{v), 
which implies that 

dvii^Ws] +9{v)) = [t«l,2,W3] - [W1,W2,3] - [W2,W1^3]. 

However, when dy is applied to this latter term, it yields 2[[wi, z(;2], W3] and not 
zero, so it cannot be a cycle (boundary). We conclude that [a,/3]u, 0. 
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